This paper considers nonlinear control systems with constant time-delays. An introductory analysis of the accessibility is presented.
1 Introduction.
The study of timedelay systems is an important issue: time delays appear naturally in a great number of real systems. This has motivated the research on this class of systems. In particular, the linear case has been extensively studied and some general results are now available (see e.g.
[18], [24] , and references therein). On the contrary, almost all the contributions in the nonlinear case are limited to the analysis of stability issues (e.g. [9] and references therein). Moreover, in the few papers which consider standard control problems, the causality of the solutions is rarely taken into account ([ll] , [23],. . .) which makes the study of nonlinear timedelay systems a practically unexplored research area.
In this work, we introduce a new analysis for a large class of nonlinear systems with time delays. It is naturally extended from the knowledge available for standard nonlinear systems without d o lays, in continuous time [7] or in discrete time. As a matter of fact, a system with time delays may he viewed as a combination of both continuous time dynamics and discrete time dynamics, subject to two operators, time differentiation and the shift operator. We argue that, despite a much more complex mathematical context, the approach in this paper proves its efficiency to tackle analysis and control issues for nonlinear timedelay systems (NLTDS). In particular, it will be used for deriving a rank condition under which the system is accessible.
The accessibility is a basic property for nonlinear time-delay systems. It is necessary for a system to be controllable and a prerequest for the investigation of any control problem. This paper is organized as follows. In the following Section, the mathematical setting to be used, which was first introduced in [4], will be recalled and extended. The basic assumptions on the timedelay systems under investigation are also stated in this Section. The accessibility is considered in Section 3, where a suitable definition and a checkable sufficient condition (whose necessity is conjectured) are presented. Finally, some concluding remarks are presented in 4.
2 N o t a t i o n s a n d Preliminary Definitions.
~~ ~

Considered s y s t e m s
In this section, the class of considered systems will be defined. and the mathematical settina to be extended to this case, we will restrict ourselves to the commensurable case, where all the delays are multiples of an elementary delay T . Furthermore, it will be assumed that the time axis has been scaled to have T = 1. Under these assumptions, the considered nonlinear timedelay systems are described by
(1)
where s E N is the (finite) upper bound for the delays. The state z E R", the input U E R"' and the output y G R. which, for that reason, is said to be endowed with a diflerential field structure.
Let K denote the set theoretic union U,, ICTs.
Obviously, it is a field. Moreover, every element of this field is a function of a finite but arbitrarily large number of elements from C, and then, it can be written as a(z0,. . . ,z,), with for suitable values of r and s.
Now consider the infinite set of symbols
Let E be the vector space spanned over IC by the elements of dC:
Every element of E is a vector of the form
i E z+ where only a finite number of coefficients F are nonzero elements of IC. The vector space E may be viewed as the higher order Cartesian product IC x . . . x IC, the unit vectors being denoted dzij.
We can define now an operator from K to E, which by abuse of notation will be denoted by d, in the following way:
The elements of E will be called one-forms and we will say that U E E is an exact one-form if w = d F for some F E IC. We will usually refer to d F as to the diflerential of F.
The resulting delay-differential field is the starting point for a number of constructions which will be used in characterizing the system theoretic properties of C.
Define the infinite set of symbols AdC = {dz;,! Adz,,?,, for i , i ' 2 1, C , t ' G N} and the vector space, that we denote by AE, spanned over IC by the elements of AdC. In A& we consider the following equivalence relation R :
The vector space A& mod R will be denoted in the following by E(*). 
degree, then it is not greater than n.
Corollary 2 For every a [ V ] , b [ V ] t K [ V ] there exist a ' [ V ] , b'[V] E K [ V ] such that 3 Accessibility a'[V] a [ V ] b [ V ] = b'[V] b [ V ] .[VI.
One of the first problems considered by the theory of nonlinear systems, was the extension of the notion of controllability to this class of systems. This notion, which is a powerful tool in linear Let M be the left module over the ring K [ V ] : Definition 3 A function 'p E K is said to be autonomous if dp is a n autonomous elementfor system E.
Definition of Accessibility
The notion of accessibility is associated to the possibility of controlling any dynamics of a given system. In the case of a system without delays, a system C is said to be accessible if any of the two following equivalent conditions is satisfied:
There does not exist any non-constant autonomous function for system E.
System C does not have any autonomous element.
For linear timodelay systems, both definitions are equivalent to the property that the system is torsion free over the ring R[V, d/dt] [14] . However, in the case of nonlinear time-delay systems their equivalence remains an open problem. In the rest of the paper the accessibility sticks to the first statement and is defined as follows. It should be noticed that the submodules 7-1k are, in general, infinite-dimensional for timodelay systems, which represents a major drawback for their practical computation. To circumvent this problem, it will now be presented an alternative way to compute this filtration.
First, for a matrix P of n rows, we denote PL the set of vectors defined by P ' := { V = 1 . It will be now shown that for any 1-form with finite relative degree, the latter is never greater than n . In other words, that Hn+l = X m . 
Accessibility condition
In previous section it was shown that it is possible to characterize the (generally infinitedimensional) submodules Hk by a finite number of vectors. This result will now be used to state a sufficient condition for accessibility of nonlinear time-delay systems.
T h e o r e m 1 System C is accessible if any of the following equivalent statements is satisfied:
Proof:
For any autonomous function p, one has that dip E H,, which proves condition i).
From Lemmas 4 and 5 we have H, = ",,+I = [gl , . . . , g n ] ' , which implies the equivalence between conditions i) and ai). To complete the proof, note that matrices g ; have n rows, which rn yields the equivalence of ii) and iii). A pioneering algebraic approach to deal with nonlinear time-delay systems has been introduced in this work. It has been used to study accessibility properties for a large class of nonlinear systems with delays.
We claim that the mathematical setting proposed in this paper is suitable for the analysis and synthesis of nonlinear time-delay systems. Preliminary results on disturbance decoupling for timedelay systems can be found in 1211.
We argue that the approach presented in this work is suitable for the analysis and synthesis of nonlinear time-delay systems. Preliminary results can be found in (4, 19, 211. 
